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Def A graded ring is a ring R along w a

direct sum decomposition

R RotoR s t RiRjERitj
The nonzero e Its f CRd are homogeneous ofdegree
d I E R is a homog al if it's

generated by homogeneous elements

Ex R k x xn So got where Si is the
K vector space of homogeneous polynomials of

deg d i e So K S is gen by X xn

Sz gen by Xf X Xz XXs as K Vector spaces

Def If R RotoR Ot is a graded ring then a

gradedR hrodule is a module
x

M to Mi
a

s t RiMj EMitj

A morphism of graded R modules is an R module

homomorphism 4 M N that preserves degree
i e 4 Md END



Ex let R KG xn w standardgrading

1 I ER a homogeneous ideal then PYI is a

gradedmodule w grading determined by R RII

2 let M R with Me Ro Mo Ri Mi Rin
We denote this M R l R twisted by one

More generally M R d is defined as Mi Rdti

Geo xt A homogeneous ideal IERCxo xD
defines a closed algebraic set Xinprojective space
For d so dimp Id is the dimension of the

space of homog polynomials of deg d vanishing
oh X

Def let M be a f g graded module over R KCH xD
w standard grading The HilbertfunctionM
is Hm Tl 720 and is defined

Hµ s dim kMs

the dims are finite since M is fg and thus Noetherian

we can define this more generally for modules1k algebras
but for how we focus on modules KCH Xu



Ex If M R legs an w standard grading

Hm s
0 for sco
stet S Zo

deg s
monomials

in n
variables

Ex M k 9 2 y3

M Mo M Mz Msf f f fi x y Xyy y2

so Hmcs z II
o otherwise

we can also give non standard grading to familiar

rings modules

EI M k but deg x I degy 2 deg t 3
Cx x2y yl

M Mo M to Mz to Mz My Ms
2 3 x z x2z

x
k gens

K Y Xy y z
2

dim I 1 2 3 I 2

Formula for dimpMi

Hm s is additive That is if
O M µ M O



is an exact sequence of graded modules then

0 M'd Md Md o

is an exact sequence of K vector spaces so

Hm d Hm d t Hmad

For fg modules as soon as s is sufficiently large
Hmcs behaves like a polynomial

Them Hilbert If M is a finitely generated graded
standard

module over kCxo x grading then HMCS agrees
w a polynomial PMCs ft degree E h for Ss 0

Pm s is called the Hi of M

Pfs lutch By induction on of variables

Base case M is a finite dimensional k vector

space so HM s _0 for for s SO

Now say H2O Consider the map M M given by
m Nam This will increase the degree by one

so in order to make the map graded we twist

by 1 and get an exact sequence



o N MC i M Mam O
7
kernel

Thus for each s we get
H

m
s Hmcs Hmc Cs Hn s O

Hµ s l

Notice that xnK O and xn
M
M O Thus

both are KG
n
I kCo XuD modules so by

induction they agree w a poly for s so

Thus so does Hm s Hn s i and let QCs be
the corresponding polynomial That is s HG HG1

for s Z so Thus exer H s Q s th s l

is also a polynomial in fact of degree one larger D

l txt

A homogeneous ideal I E k Xo Xn defines
a projectivealge braicset XE IP

Set R Kao YI the homogeneous coordinate

ring Then

degPR s dim X



If d degPp s then
of pts intersecting

d initial coeff degree of X a general plane of
complementary dim

For certain modules M the Riemann Roch theorem

computes the Hilbert polynomial and the
Chem classes of the corresponding sheaf are

encoded in the wefts of the Hills poly


